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Abstract. Let G be the simple, simply connected algebraic group SL3 defined 
over an algebraically closed field K of characteristic p > 0. In this paper, we find 
H 2 (G, V) for any irreducible G- module V. 



1 Introduction 

Let G = SL3 be defined over an algebraically closed field K of characteristic 
p > 0. Let T be a maximal torus of G. Recall that the weight lattice X(T) 
of T is generated over Z by the fundamental weights Ai and A2 so can be 
identified with Z x Z by (a, b) = a\\ + 6A2, while the dominant weights 
of T can be identified with (a, b) such that (a, b) > 0. Thus for each pair 
of positive integers (a, b) there is an irreducible module L(a, b) of highest 
weight (a,b). Let V be a G- module. As G is defined over ¥ p we have the 
notion of the dth. Frobenius map which raises each matrix entry in G to 
the power p d . When composed with the representation G — > GL(V), this 
induces the twist of V. 

Let (ao, bo) + p(a\, 61) + p 2 (a2, 62) + • • • be the p-adic expansion of the pair 
of integers (a, b). By Steinberg's tensor product theorem, the irreducible 
module L(a, b) of high weight (a, b) is given by 

(a ,6 ) <g> (aiA) [1] ®(a 2 ,6 2 ) [21 <8> 
where for L(cij, b{) we write just (a*, 

Theorem 1. Lei V = L(a,6)^ 6e any Frobenius twist (possibly trivial) of 
the irreducible G-module L(a, b) with highest weight (a, b). Let (a, b) or (b, a) 
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be one of 

(1,1)W 

(p-3,0) ® (0,1) [1] 

(p-2,1) ® (p-3,p-2) [1] 

(p-2,l)®(2,p-3) [1] ®(l,0) [2] 

(p-2,1)® (p-2,2)W ® (0,1) [2] 

(p - 2, 1) ® (0, 1)W (g, (p - 2,p - 2)I r+1 l 

(p - 2, 1) ® (0, 1)W ® (p - 2, l)[ r+1 l ® (0, 1)^ 

(p-2,l)®(0,l)W®(l,p-2)[ r+1 ]®(l,0)[ r+2 ] 

(p-2,p-2)®(p-2,p-2)W 

(p - 2,p - 2) ® (l,p - 2)M ® (1, O)^. 

/or any r > 0, where each bracket should be read mod p, e.g if p = 2, 
(p — 3,0) = (1,0). Then H 2 (G,V) = K . For all other irreducible G -modules 
V, H 2 (G,V) = 0. 

This paper was inspired by the methods of G. McNinch's paper [B] which 
computes H 2 (G, V) for simply connected algebraic groups G acting on mod- 
ules V with dim V < p. Note that this paper makes a correction to Theorem 
A in a special case: if G = SL 3 (K), p = 3 and V = (1,0)W or (0, 1)W i s a 
Frobenius twist of the 3-dimensional natural module for G or its dual then 
we show that H 2 (G, W) = K for W any Frobenius twist of V. 

It is intended that this result form part of a larger paper obtaining analogous 
results for other low rank groups. 

Acknowledgements. This paper was prepared towards the author's PhD 
qualification under the supervision of Prof. M. W. Liebeck, with financial 
support from the EPSRC. We would like to thank Prof. Liebeck for his help 
in producing this paper. 

2 Proof of Theorem 1 

We begin with a little notation which we keep compatible with [5]: 

Let B be a Borel subgroup of a reductive algebraic group G, containing a 
maximal torus T of G. Recall that for each dominant weight A G X(T) 
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for G, the space H°(X) := H°(G/B,\) = Indg(A) is a G-module with 
highest weight A and with socle SocgH°(X) = L(X), the irreducible G- 
module of highest weight A. The Weyl module of highest weight A is V(A) = 
H°(— wo\)* where wq is the longest element in the Weyl group. For G = 
SL 3 , we identify X(T) with I?. In this case H°(a,b) = V(a,b)* = V{b,a). 
When < a, b < p, we say that (a, b) is a restricted weight and we write 
(a, b) £ X 1 . Let (a, b) = {a ,b ) <g> (ai,6i)W <g> • • • <g> (a n , 6„)H We will often 
need to refer to specific parts of this tensor product, so we write 

(a, b) = (a ,b )® M) /[1] 

= (a ,6 )®(ai,6i) [11 ^(a,&) ,/[2] , 

where (a, b)' = (o 1; &i) (a 2 , 6 2 ) [1] ® • • • ® (a n , 6 n ) [n_l1 and (a, 6)" = (a 2 ,fr 2 )® 
(a 3 ,& 3 ) [1] 0---®(an,&n) [n - 21 . 

For Zi?, the root lattice of G, and the Weyl group of G, recall the dot 
action of the affine Weyl group W p = W x pTLR on the weight lattice X(T): 
where W < W p acts as w . A = w (A + p) — p, where p is the half-sum of the 
positive roots and ZR acts by translations. In case G = SL3, p = (1, 1). 
Denote by Gi the first Frobenius kernel of G; it is an infinitesimal, normal 
subgroup scheme of G (see for instance, [51 1-9]). We repeatedly use the 
linkage principle for G and Gi (see [5j II. 6. 17] and [5j II. 9. 19]); this means 
that if Extg(A, p) ^ or Extg (A, p) ^ for any i > then A £ W p . /z or 
A € Wp./i+pX(T) respectively. In the following table we detail the cases that 
can occur for SL3 for a restricted weight (ao, bo), where s a (sp, respectively) 
denotes the reflection in the hyperplane perpendicular to the simple root a 
corresponding to the fundamental weight (1,0) ((0,1) respectively) . 



w 


l(w) 


w.(a ,bo) 


1 





{a ,bo) 


s a 


1 


(-a - 2,a + b + 1) 


Sf3 


1 


a + b + 1, -6 - 2) 




2 


(6 , -a - 6 - 3) 


S a S{3 


2 


(-ao - 60 - 3,a ) 


w 


3 


(-a - 2, -60 - 2) 



Table 1: Dot actions 



In particular, when (ao,&o) = (0,0), we see that the only restricted weights 
Gi-linkedto (0,0) up to duals are (0,0). (p-2,1), (p-3,0) (p-2,p-2), 
and the only restricted weight G-linked to (0,0) is (p — 2,p — 2). 
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Let V be a G-module. As G\ < G, the cohomology group M = H l (Gi, V) 
has the structure of a G/Gi-module, and so also of a G-module. Since Gi 
acts trivially on this module, there is a Frobenius untwist M^ -1 ! of M. By 
1.9.5], GjG\ = F\(G), where F\ is the first Frobenius morphism. Thus 
GjG x acts on H\G X ,V) as G acts on E\G X , V)^. 

There are two main ingredients in the proof of Theorem 1. The first is the 
Lyndon-Hochschild-Serre spectral sequence [5j 6.6 (3)] applied to G\ < G, 
using the observations in the preceding paragraph. 

Proposition 2.1. There is for each G -module V a spectral sequence 

E nm = H n(Q^ H m {G 1 ,V)^) =► H n+m (G, V). 

We will always refer by E** to terms in the above spectral sequence. We 
briefly recall the important features of spectral sequences for the unfamiliar 
reader. The lower subscript refers to the sheet of the spectral sequence. 
Only the second sheet is explicitly defined in this example. The point E™* 1 
is defined only for the first quadrant, i.e. for n, m > 0; for any other n, m 
we have E^ 171 = 0. On the ith sheet, maps in the spectral sequence through 
the n, mth point go 

These form a complex, i.e. op = 0. One then gets the point of the next sheet, 
E^f\ as a section of Ef m by setting Ef^ =ker <r/im p, i.e. the cohomology 
at that point. If i is big enough, maps go from outside the defined quadrant 
to a given point and then from that point to outside the defined quadrant 
again. Thus each point of the spectral sequence evenually stabilises. We 
denote the stable value by E^ 1 . Finally, one gets 

H r (G,V)= (1) 

n+m=r 

explaining the notation '=> H n+m (G, V)\ 

The second main ingredient is the value of H 2 (G±, L(a, b))^ 1 ^ . We need the 
following lemma. 

Lemma 2.2. Let A € X\ be a restricted dominant weight which is G\-linked 
to (0,0). Then if X ^ (p — 2,p — 2), or if p = 2, H°(X) = L(X) is irreducible. 
If p > 2 and X = (p — 2,p — 2) then H°(p — 2,p — 2) is uniserial with two 
composition factors. Its socle is (p — 2,p — 2) and its head is (0,0). 
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Proof. For A 7^ (p — 2,p — 2) this is an easy application of the strong linkage 
principle [5] II. 6. 13]: if L{n) is a composition factor of H°(X) then p, is 
G- linked to A. As the only G- linkage amongst these weights is when A = 
(p — 2,p — 2) we are done when A 7^ (p — 2,p — 2). 

When A = (p — 2,p — 2) we get the structure as claimed by [3 II. 6. 24]. □ 
Note that as G-modules, H\G X ,VY - H'^G^V*), thus 

Proposition 2.3. Let (a, b) € X\. Then the non-zero values of H % {G\, (a, b))^-~^ 
for i = 0, 1, 2 up to duals are given below by their structure as G -modules: 



i 


p 


(a,b) 


^(Gi.M))^ 





any 


(0,0) 


if 


1 


p>3 


(p " 2, 1) 


(1,0) 






(p-2,p-2) 


if 




p = 3 


(1,1) 


if +(1,0) + (0,1) 




p = 2 


(0,1) 


(1,0) 


2 


p>3 


(0,0) 


(1,1) 






(p-3,0) 


(1,0) 




p = 3 


(0,0) 


H°(l, 1)0 (1,0)0(0,1) 




p = 2 


(0,0) 


(1,1) 






(1,0) 


(1,0) 



where when p = 3, ff°(l,l) = 0* is t/ie uniserial module with head (0,0) 
and sock (1, 1) 6?;P01 

Proof. By the linkage principle for G\ we need only consider the weights 
which are Gi-linked to (0, 0) as listed above. 

For i = 0, it is clear that H (G 1} (a, b)) ^ (a, 6) Gl 7^ if and only if (a, 6) = 
(0, 0). Also it is clear that H°(G U (0, 0)) = K . 

For i = 1, the structure of H (G\, (a, b)) is determined explicitly in [U 3.3.2]. 

For z = 2, we have from HT21 that (a, b) = H°(a,b), except for (a, b) = 
{p — 2,p — 2), so we may read the result off from [H Thm 6.2 (a),(b)] for 
p>3 and (a, 6) 7^ (p-2,p-2). 

We see from the Table 1 above that if (p — 2, p — 2) = w . + p\ for some u;, 
then u; = wq, or p = 3 and u> = wq, s a , or sg. In any case l(w) is odd, so we 
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see from Thm 6.2(b)] that H 2 (G 1 ,H°(p-2,p-2)) = 0. Now, associated 
to the short exact sequence — > (p — 2,p — 2) — ► H°(p — 2,p — 2) ^ i<C — > 
of Gi-modules, there is a long exact sequence of G-modules of which part is 

H l (G\,K) —> H 2 (Gi, (p-2,p-2)) — > H 2 (G\, H° (p-2,p-2)) — > H 2 {G\,K) 

but since H l {Gi,K) = by [5, II.4.11], this becomes 

0^tf 2 (Gi,(p-2,p-2)) ^0^H 2 {G 1: K) 

so we deduce that H 2 (G\, (p — 2,p — 2)) = as claimed. 

For p = 2, the weights d-linked to (0,0) are (0,0), (1,0) and (0,1). We 
get H 2 (Gi, (0, 0)) from [U Thm 7.2.1] and the remainder from jH Thm 4.3.2 
(a)], together with @J Thm 7.1.1]. □ 

Corollary 2.4. Provided p > 2, if A G X\ and ^(G^A) ^ then 
H°(Gi,X) = H 2 (Gi,X) = 0. 

The third ingredient is the values of Ext^.(A,^) from the main result [8j 
4.2.3]. We will need the values of Ext^A, fi) only for A = (0, 0), (1,0), (0,1), 
and (1,1). 

Lemma 2.5. If Ext^(A,//) is non-zero then Extg(A,//) = K. Let A = 
(0,0), (1,0), (0,1), or (1,1). We list the values of fi in the table below 
affording a non-zero value of Ext^.(A, /i). 



A 


M 


(0,0) 


(p-2,p-2)W, (l,p-2)W ® (1,0)L* +1 J, (p-2,l)W ® (0, l)l 4+1 ) 


(b0) 


(p-2,p-3), (p-3,2)®(0,l)W, (2,p-2)®(l,0)l 1 ) 7 
(1,0) ® (p - 2,p - 2)[ l+1 l, (1, 0) ® (l,p - 2)I l+1 l ® (1, 0)I <+2 ], 
(1,0)® (p-2,l)[ I+1 l ®(0,l)[ l+2 l 


(0,1) 


(p-3,p-2), (2,p-3)®(l,0)W (p-2,2)®(0,l)W, 

(0, 1) <g> (p - 2,p - 2)[ J+1 1, (0, 1) ® (p - 2, l)[ l+1 l ® (0, l)[ i+2 l, 

(0,1)® (l,p-2)I i + 1 l ®(l,0)[ l+2 l 


(1,1) 


(p-3,p-3), (3,p-3)®(l ) 0)W, (p-3,3)®(0,l) llJ , 

(1, 1) ® (p - 2,p - 2)[ l+1 l, (1, 1) (p - 2, l)^ ® (0, 1)[*+ 2 1, 

(l,l)®(l,p-2)I i + 1 ]®(l,0)[ < + 2 ] 



for p = 3 
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forp 



A 


A* 


(0,0) 


(i,i)w, (i,i)w ® (i,o)i l+1 ), (i,i)w®(o,i) Li+1J 


(1,0) 


(2,1)®(1,0)W, (0,2)®(0,1)W, (1,0)® (1,1)^, 

(1,0) ® (1, l)^ ® (i,o)[ i+2 ], (1,0) ® (1, i)[ i+1 i ® (0, i)[ j+2 i 


(0,1) 


(1, 2) ® (0, I)' 1 ), (2, 0) ® (1, 0)^, (0, 1) ® (1, 1)^, 

(0, 1) ® (1, i)^ ® (1, O)^, (0, 1) ® (1, i)[ i+1 i] ® (0, i)[ i+2 i 


(1,1) 


(0,0), (1.1)®(1,Q)W, (1,1)®(0,1)W, (1,1)® (1,1)1*+^ 
(1, 1) ® (1, 0)[' +1 ] ® (0, lf+ 2 \ (1, 1) ® (0, l)[ i+1 l ® (1, o)[ i+2 i 


= 2 


A 


M 


(0,0) 


(1,0) w ® (i,o)i l+1 ), (o,i) w ® (o,i)i' i+1 ) 


(1,0) 


(1,0)® (0,1)W, (1,0)®(1,0)1' (+1 ) ®(l,0)l l+2 l, 
(1,0)®(0,1)[ 1+1 ]®(0,1)[*+ 2 ] 


(0,1) 


(0, 1) ® (1, 0)W, (0, 1) ® (0, i)i i+1 ) ® (0, i)i i + 2 ), 
(0,1)®(1,0)[ 1+1 ]®(1,0)[ I+2 ] 


(1,1) 


(1, 1) ® (1, 0)l 2+1 J ® (1, 0)^+ 2 ), (1, 1) ® (0, l)l' 1+1 l ® (0, l)l' 1+2 l 



Proposition 2.6. In the spectral sequence applied to V = (a,b), 

(i) Ef = £g 
(ii) Ef = E& 
(in) Ef = Ef 

Proof. First suppose that p > 2. 
Since Eg m is the cohomology of 

7-,n— 2,m+l jpnm T-,n+2,m—l 

we have that E^™ 1 = E^ m provided the following statement holds: 

E n-2,m+l = E n+2,m-l = Q wheneyer E nm + Q (2) 

We now show that ([2]) holds for all values of A = (a, b) and all (n, m) with 
n + m = 2. 

If E^ m ^ then H m (Gi, V) ^ so for p > 2, © follows using El in the 
cases (n,m) = (0,2), (1,1), or (2,0). Since Ef = E™ and Ef = Ef for 
any spectral sequence, (i) and (ii) above are true. It remains to check that 
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Ef = Ef. Now Ef is the cohomology of E 3 3,2 -> Ef -> Ef so we are 
done provided we can show £"1° = whenever E\ 2 ^ 0. 

Suppose Ef ^ and Ef / 0. Then the latter implies A = (0, 0) by 
In that case, when p ^ 3, Eg 2 = #°(G, (1, 1) ® A') = Hom G ((l, 1), A'). So 
A' = (1,1) and A = But then Ef = H 3 (G,H°(Gi,K)^ A) = 

H 3 {G, (1, 1)) = since for p ^ 3, (1, 1) is not linked to (0, 0). 

For p = 3 we get similarly that A = (1, 1) [1] , (0, 1) [1] or (1, 0) [1] . Only (1, 1) 
is linked to for p = 3, but Ef = H 3 {G, (1, 1)) = H 2 (G, H°((l, 1))/(1, 1)) 
by II.4.14] and so byEZS this is H 2 {G,K) = 0. 

Lastly we deal with the case p = 2. 

We cannot have Ef / and Ef ^ by EH So (i) holds by Similarly, 
we cannot have Ef ^ and Ef ^ so (iii) holds again by (|2|). 

Now suppose Ef ^ and Ef ± 0. From O we must deal with the two 
possibilities Ao = (1,0) or (0,1). By duality of the following argument, we 
may assume the first. Since Ef = H°(G, H 2 (Gi, (1, 0))^ 1 ! ® A') ^ we 
get if°(G, (1,0) ® A') = Hom G ((0, 1),A') ^ and thus A' = (0,1) giving 
A = (1,0) (g> (0, 1)W. Putting this into Ef we get 

Ef = H 2 (G,H\G 1: (l,0))^®(0,l)) 
= H 2 (G, (0,1)® (0,1)) 

= H 2 (G,(1, 0)|(0, 1)N 1(1,0)). 

but now H 2 (G, A) = for any composition factor ^4 of the uniserial module 
(1, 0)|(0, 1)W |(l ; 0): this is true for (1, 0) by the strong linkage principle and 

F 2 (G,(0,1)M) = ffHG,tf°((0,2))/(0,l)M), by II.4.14] 

= fr 1 (G,(i,o)) 
= o. 

Thus we have shown that Ef = Ef. We must now check that Ef = Ef 
as above. The argument used above for p ^ 3 applies in this case showing 
that Ef = so that indeed Ef = Ef = Ef and (ii) holds. □ 

Using ([1]) and 12.61 we get 

Corollary 2.7. For V = (a, b), H 2 (G, V) = Ef © Ef © Ef. 



8 



We can now finish the 



Proof of Theorem 1: 

Let V = A = with ^ £ (0,0). We have from O that H 2 (G,V) = 
Ef El 1 Ef. Assume F 2 (G, V) / 0. 

Let p > 2 initially. 

Suppose £ 2 n ^ 0. Then by[M -Ef = ^2° = °- Additionally, H l {G 1 , A ) + 
so A = - 2, 1), (l,p - 2) or (p - 2,p - 2) by In particular d = 0. 
Now 

£ 2 n = H l {G, H\G U A ) [ - 1] ® A') = Ext^i^Gi, Ao) 1 " 11 *, A') 

and we can read off the values of the latter from 12.51 For example, if p = 3 
then A = (1, 1) and so H\G X , A ) [_1] = (0, 0) + (1, 0) + (0, 1) by [231 Then 
H 2 (G,V) = E\ l =Ext^((0,0),A')+Ext^((0,l),A') + Ext^((l,0),A'). Since 
Ef ^ by assumption, we see form 12.51 that A' must be one of 

V €{(1,1)1*1, (l,l)W 8 (l, )[ i+1 ], (0,2) ® (0,1) M (2,1)®(1,0)W, 

(1,0)®(1, 1) [<+11 , (i,o)®(i,i) [i+11 ®(i,o)t i+2 ], 

(1, 0) (8) (1, l) [i+1] <8) (0, 1)[*+ 2 I} 

up to duals, for any i > 0. For each value of A' above, it follows that 
H 2 (G, V) = K since precisely one of the three terms in Ef is K. One then 
observes that each A = Ao <S> A'M with Ao = (1, 1) appears in the statement 
of Theorem 1. The other cases (for p > 3) are similar and easier. 

Now we assume that Ef = and so under the standing assumption that 
H 2 (G, V) / Owe must have one or both of E% 2 and Ef / 0. Suppose it 
is the former which is non-zero; we will deduce the possible values of A and 
then show that this implies that Ef = 0. Now, since Ef ^ 0, we have 
H 2 (Gi, Ao) 7^ and so up to duals, Ao = (0,0) or (p — 3,0) from 12.31 and we 
also read off the value of H 2 (G\, Ao) from 12.31 as 

E° 2 2 = Rom G (H 2 (G 1 ,X ) [ - 1] *A') 

we have that A' is an irreducible quotient of H 2 (G±, Ao)H . If p = 3, 
then A = (0,0) and we get H 2 (G X , X ) l ~ 1] * = (1,1)1(0,0) + (1,0) + (0,1) 
by giving A' = (1,1), (1,0), or (0,1), and so A = (1, 1)W , (1, 0)W or 
(0, 1)M respectively, with each affording Ef = K. Similarly, if p > 3, we 
get A = (1, 1)W, or (p — 3, 0) <g> (1,0)M. In all cases it is easy to see that 
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Ef = 0: H°(Gi,X ) = unless A = 0; in this case, Ef = H 2 (G,X') = 
for all instances of A'. For example, if p = 3, and A = (1, 1)W then Ef = 
H 2 (G, (1,1)) = H l (G, (0,0)) = as argued earlier. Thus when Ef + 0, 
H 2 (G,V) = Ef = K. 

Lastly if Ef = Ef = then H 2 (G,V) = Ef = H 2 (G, H°(Gi, X ) [ ~ 1] 
A') and so A = and H 2 (G,X) ^ H 2 (G,X^) as A' = and so A 

is a Frobenius twist of one of the modules already discovered above and 
H 2 (G,V) = K. 

Now assume that p = 2. If E\ l ^ 0, then fl^Gi, A ) / and so A = (1, 0) 
(up to duality) with H 1 (G 1 ,\ )^ = (0,1). Then £ 2 n = Ext^((l, 0), A ) 
and so 

A' G {(1, 0)<8(0, 1) [1] , (1, 0)0(1, 0) [l+1] 0(1, 0) [l+2] , (1,0)0(0, l) [ml ®(0, l)[ i+2 l } 

bvl231 Observe that Ef = as H°(Gi, A ) = 0. We examine 

Ef = H°(G,H 2 (G 1 ,X ) [ - 1] A')- 

When A = (1, 0) we have Ef = Hom G ((0, 1), A') byEJand so A' = (0, 1), 
yet this is not included in the possibilities for A' above. Thus if E\ l ^ 0, 
Ef = Ef = and H 2 (G, V) = Ef = K. 

If Ef similarly we get that A = (1,1) [1] , (0, 1)®(1, 0)W or (1, 0)®(0, 1)W . 
In each of these cases Ef = Ef = 0. 

Lastly if Ef = Ef = then H 2 (G, V) = Ef = H 2 (G, H°(G, A ) [ ~ 1] X') 
and so A = and H 2 (G, X) ^ H 2 (G, A' -1 '). Thus A is a Frobenius twist of 
one of the modules discovered above and H 2 (G, V) = K. 
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